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Abstract

We present an error analysis for two related quadrature methods (the Delves–Lyness method and its modi:-
cation by Kravanja, Sakurai and Van Barel) for computing all the zeros of an analytic function that lie inside
the unit circle. We consider the forward as well as the backward approximation error in case the integrals are
computed via the trapezoidal rule on the unit circle. Contrary to the Delves–Lyness method, the quadrature
error that arises from the zeros located inside the unit circle does not a=ect the results of the approach of
Kravanja et al. Numerical experiments illustrate our main results.
c© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

Let the complex function f be analytic in a simply connected region W of the complex plane
that includes the closed unit disk. Assume that f has no zeros on the unit circle T. We consider the
problem of computing all the zeros of f that lie inside T, together with their respective multiplicities.

Methods for the determination of zeros of analytic functions that are based on the numerical
evaluation of integrals are called quadrature methods [8]. Our approach to this problem can be seen
as a continuation of the pioneering work by Delves and Lyness [4].
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Let N denote the total number of zeros of f that lie inside T, i.e., the number of zeros where each
zero is counted according to its multiplicity. Suppose that N ¿ 0. The value of N can be calculated
via numerical integration or by applying the principle of the argument [6,21]. We may therefore
assume that N is known.
Let n denote the number of mutually distinct zeros of f that lie inside T. Let z1; : : : ; zn be these

zeros and 	1; : : : ; 	n their respective multiplicities.
De:ne the associated polynomial PN of degree N as

PN (z) :=
n∏
k=1

(z − zk)	k :

Let the complex function g :W → C be de:ned by f=PNg. Then g is analytic in W and g has no
zeros inside and on T. The following holds:

f′(z)
f(z)

=
P′N (z)
PN (z)

+
g′(z)
g(z)

=
n∑
k=1

	k
z − zk +

g′(z)
g(z)

:

The second term on the right-hand side, g′=g, is analytic inside and on T. It follows that f′=f is
meromorphic inside and on T, with simple poles at the zk and corresponding residues equal to 	k .

De:ne the moments �p as

�p :=
1
2�i

∫
T
zp
f′(z)
f(z)

dz; p= 0; 1; 2; : : : :

The residue theorem implies that the �p’s are equal to the Newton sums of the unknown zeros,

�p =
n∑
k=1

	kz
p
k ; p= 0; 1; 2; : : : : (1)

Delves and Lyness calculated the coeLcients of PN in the standard monomial basis,

PN (z)=: zN + �1 zN−1 + · · ·+ �N ;
via Newton’s identities.

Theorem 1 (Newton’s identities).

�1 + �1 = 0

�2 + �1�1 + 2�2 = 0

...

�N + �N−1�1 + · · ·+ �1�N−1 + N�N = 0:

Proof. An elegant proof was given by Carpentier and Dos Santos [1].

In this way, Delves and Lyness reduced the problem to the easier problem of computing the zeros
of a polynomial. First, the moments �1; : : : ; �N are approximated via numerical integration along T
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and then Newton’s identities are used to obtain approximations for the coeLcients �1; : : : ; �N :

�k =−

�k + k−1∑

j=1

�k−j�j


 =k; k = 1; 2; : : : ; N: (2)

Unfortunately, the map from the Newton sums to the coeLcients of PN is usually ill-conditioned.
Also, the associated polynomials that arise in practice may be such that small changes in the coef-
:cients produce much larger changes in some of the zeros.

As some of the authors of the present paper have argued elsewhere, what is wrong with the
approach taken by Delves and Lyness is that it considers the wrong set of unknowns. One should
consider the mutually distinct zeros and their respective multiplicities separately. This is the approach
that was proposed by Kravanja et al. [9,14,10,12]. It leads to a quadrature method that generalizes
the approach of Delves and Lyness. The mutually distinct zeros are given by the eigenvalues of a
generalized eigenvalue problem involving the following Hankel matrices:

Hn :=




�0 �1 · · · �n−1

�1 . . .
...

... . . .
...

�n−1 · · · · · · �2n−2




and H¡n :=




�1 �2 · · · �n

�2 . . .
...

... . . .
...

�n · · · · · · �2n−1



:

Theorem 2. The eigenvalues of the pencil H¡n − �Hn are given by z1; : : : ; zn.

Therefore, we can obtain n distinct zeros of f by solving the generalized eigenvalue problem

H¡n x = �Hnx: (3)

Note that the n mutually distinct zeros z1; : : : ; zn are determined by the 2n moments �0; �1; : : : ; �2n−1.
The value of n is determined indirectly. Once n and z1; : : : ; zn have been found, the problem

becomes linear and the multiplicities 	1; : : : ; 	n can be computed by solving a Vandermonde system,
cf. Eq. (1). As the multiplicities are known to be integers, this system does not need to be solved
very accurately.

For further details about the algorithm, in particular concerning the use of formal orthogonal
polynomials to improve the numerical stability, we refer to [9,10,12], in which also the case of
clusters of zeros is considered and in which the connection with rational interpolation at roots of
unity is explored. A Fortran 90 implementation of the algorithm is available (software package
ZEAL) [15]. In [11] Kravanja and Van Barel presented a further generalization of this approach that
does not require the derivative f′. In [13] they considered the related problem of computing all the
zeros and poles (together with their respective multiplicities and orders) of a meromorphic function
that lie inside a Jordan curve.

Torii and Sakurai [20] proposed a method to :nd zeros of an analytic function by using the
extended Euclidean algorithm for polynomials constructed from the moments �p. Sakurai et al. [19]



470 T. Sakurai et al. / Journal of Computational and Applied Mathematics 152 (2003) 467–480

applied this method in case f has dense clusters of zeros inside the unit circle. In these methods
the Fast Fourier Transform was used to evaluate the moments.

Clustering methods for :nding multiple or close zeros as clusters can be used to evaluate initial
approximations and to improve convergence of factoring methods [2,17,18].

The integral that de:nes �p is an integral along a closed curve and hence, once the curve is
parametrized and the integral is written as a Riemann integral, it is the integral of a periodic function
along one period. The trapezoidal rule is therefore an appropriate quadrature rule [3,5,7,16]. Delves
and Lyness as well as Kravanja et al. used this rule to calculate approximations for the moments.

In both quadrature methods that are obtained by (2) and (3) it was considered that the quadrature
error directly a=ects the computed approximations of the zeros, and that hence it is necessary to
evaluate the integrals suLciently accurately. In this paper we present a detailed (forward and back-
ward) error analysis in case the integrals are computed via the K-point trapezoidal rule on the unit
circle. We show that, contrary to the Delves–Lyness method, the quadrature error that arises from
the zeros located inside the unit circle does not a=ect the results of the approach of Kravanja et al.
Numerical experiments illustrate our main conclusions.

2. Quadrature error of the moments

We will write �p(f) instead of simply �p whenever we want to emphasize the dependence on
f. With obvious de:nitions of �p(PN ) and �p(g), the following holds:

�p(f) = �p(PN ) + �p(g); �p(g) = 0:

In other words, only the contribution of PN counts. Indeed, f and PN have exactly the same zeros
and corresponding multiplicities inside (and on) T.

Let K be a positive integer. Then the K th roots of unity are given by

!j := e2�i=Kj; j = 0; 1; : : : ; K − 1:

By approximating the integral that de:nes �p via the K-point trapezoidal rule (after having rewritten
this integral as a Riemann integral over the interval [0; 1]), one obtains the following approximation
for �p:

�̂p = �̂p(f) :=
1
K

K−1∑
j=0

!p+1
j
f′(!j)
f(!j)

:

Note that �̂p = �̂p+K for all p and hence only �̂0; : : : ; �̂K−1 are relevant.
How good is this approximation? In the following paragraphs we will present a forward and

backward error analysis.
Let us consider P′N =PN and g′=g in more detail. One can easily verify that the Laurent series at

in:nity of P′N =PN is given by

P′N (z)
PN (z)

=
�0
z

+
�1
z2

+
�2
z3

+ · · · :



T. Sakurai et al. / Journal of Computational and Applied Mathematics 152 (2003) 467–480 471

The series converges for |z|¿�I , where
�I := max

16k6n
|zk |¡ 1:

(The subscript I stands for interior.) In other words, �I is equal to the modulus of the zero(s) of
f that lie(s) inside T and that is (are) closest to T. As g′=g is analytic inside and on T, it has a
Taylor series expansion at the origin,

g′(z)
g(z)

=: �0 + �1z + �2z2 + · · · :

The series converges for |z|¡�E where �E ¿ 1 is de:ned as the modulus of the zero(s) or other
singularities of f that lie(s) outside T and that is (are) closest to T. (The subscript E stands for
exterior.) By combining these two series expansions, we obtain the following important equation:

f′(z)
f(z)

= · · ·+ �2
z3

+
�1
z2

+
�0
z

+ �0 + �1z + �2z2 + · · · :

for �I ¡ |z|¡�E . The series converges in a ring around the unit circle. In particular, it converges
on T itself, for example for z equal to one of the K th roots of unity.
With obvious de:nitions of �̂p(PN ) and �̂p(g), the following holds:

�̂p(f) = �̂p(PN ) + �̂p(g):

(Note that �̂p(g) is an approximation of zero.) We consider the contributions of PN and g separately.
Let us :rst consider �̂p(PN ).

Theorem 3.

�̂p(PN ) =
+∞∑
r=0

�p+rK ; 06p6K − 1:

Proof. The following holds:

�̂p(PN ) =
1
K

K−1∑
j=0

!p+1
j
P′N (!j)
PN (!j)

=
1
K

K−1∑
j=0

!p+1
j

(
+∞∑
l=0

�l
!l+1
j

)

=
+∞∑
l=0

�l


 1
K

K−1∑
j=0

!p−lj




=
+∞∑
r=0

�p+rK
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for 06p6K − 1. The last step follows from the fact that

1
K

K−1∑
j=0

!p−lj =

{
1 if p− l= rK for r ∈Z;
0 otherwise:

(4)

This proves the theorem.

The forward approximation error related to PN is thus given by

�̂p(PN )− �p(PN ) = �̂p(PN )− �p = �p+K + �p+2K + �p+3K + · · · : (5)

Note that the terms in the series on the right-hand side indeed converge to zero, which is a necessary
condition for the series to converge. Also,

�̂p(PN )− �p = O(�p+KI ) (6)

as follows from Eq. (1) and the de:nition of �I . The approximation improves as K increases, as is
to be expected, and the larger p or the smaller �I , the better.

Let us now turn our attention to �̂p(g).

Theorem 4.

�̂p(g) =
+∞∑
r=1

�rK−p−1; 06p6K − 1:

Proof. The following holds:

�̂p(g) =
1
K

K−1∑
j=0

!p+1
j
g′(!j)
g(!j)

=
1
K

K−1∑
j=0

!p+1
j

(
+∞∑
l=0

�l!lj

)

=
+∞∑
l=0

�l


 1
K

K−1∑
j=0

!p+l+1
j




=
+∞∑
r=1

�rK−p−1:

The last step follows from relation (4). This proves the theorem.

Note that 06p6K − 1 and that the summation starts with index r = 1. This formula can be
interpreted as follows. As g′=g is analytic inside and on T, all its “negative” Laurent coeLcients
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are equal to zero, in particular �−p−1, the coeLcient belonging to the term 1=zp+1. This is the
coeLcient that the trapezoidal rule approximates. The approximation error is obtained by summing
all the Laurent coeLcients whose index is a (positive or negative) multiple of K away. The forward
approximation error related to g is therefore given by

�̂p(g)− �p(g) = �̂p(g)− 0 = �K−p−1 + �2K−p−1 + �3K−p−1 + · · · :
Since g′=g is analytic in the closed disk {z ∈C : |z|6 �}, 1¡�¡�E , it follows that

|�j|6 M
�j
; j = 0; 1; 2; : : : ;

where

M := max
|z|=�

∣∣∣∣g′(z)g(z)

∣∣∣∣ :
It follows that

|�̂p(g)|6
+∞∑
r=1

M
�rK−p−1 =M

( 1�)
K−p−1

1− ( 1�)
K
:

Therefore,

�̂p(g) = �̂p(g)− �p(g) = O

((
1
�

)K−p−1
)
: (7)

By combining Eqs. (6) and (7), we obtain our result concerning the forward approximation error.

Theorem 5. For every �∈R such that 1¡�¡�E , the following holds:

�̂p(f)− �p = O(�p+KI ) + O(�p+1−K):

Both PN (via �I) and g (via �¡�E) contribute to the approximation error. Note that, in a certain
sense, these contributions work in opposite ways. More speci:cally, as far as the contribution of PN
is concerned, for :xed K , the larger p, the more accurate, while, as far as the contribution of g is
concerned, again for :xed K , the smaller p, the more accurate. To obtain Hn and H¡n the moments
�0; �1; : : : ; �2n−1 are needed. Hence, the order of magnitude of �K and �K−2n determine the overall
error.

3. Error analysis of the Kravanja–Sakurai–Van Barel method

In this section, we give an error analysis of the approach of Kravanja et al. The following theorem
shows that, as far as the contribution of PN is concerned, the fact that the moments are approximated
via the trapezoidal rule has no e=ect at all, i.e., the generalized eigenvalues are still given by the zeros
z1; : : : ; zn (cf. Theorem 2). The corresponding multiplicities are obtained by solving a Vandermonde
like linear system.
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De:ne

Ĥ n(PN ) := [�̂k+l(PN )]n−1
k; l=0 and Ĥ¡n (PN ) := [�̂1+k+l(PN )]n−1

k; l=0:

Theorem 6. The eigenvalues of the pencil Ĥ¡n (PN ) − �Ĥ n(PN ) are given by z1; : : : ; zn. The corre-
sponding multiplicities 	1; : : : ; 	n are the solution of the linear system of equations

n∑
k=1

(
zpk

1− zKk

)
	k = �̂p(PN ); p= 0; : : : ; n− 1: (8)

Proof. Let Vn be the Vandermonde matrix

Vn :=




1 · · · 1

z1 · · · zn
...

...

zn−1
1 · · · zn−1

n


 :

Note that Vn is nonsingular since z1; : : : ; zn are mutually distinct.
From (1) and (5) it follows that

�̂p(PN ) =
n∑
k=1

	kz
p
k (1 + z

K
k + z2Kk + · · ·)

=
n∑
k=1

(
	k

1− zKk

)
zpk ; (9)

for p= 0; 1; : : : : Let

	̂k :=
	k

1− zKk
; k = 1; : : : ; n:

De:ne the diagonal matrices D̂n and Zn as

D̂n := diag(	̂1; : : : ; 	̂n) and Zn := diag(z1; : : : ; zn):

Then one can easily verify that

�̂p(PN ) =
n∑
k=1

	̂kz
p
k

implies that Ĥ n(PN ) and Ĥ¡n (PN ) can be factorized as follows:

Ĥ n(PN ) = VnD̂nV T
n and Ĥ¡n (PN ) = VnD̂nZnV

T
n :

It follows that

Ĥ¡n (PN )− �Ĥ n(PN ) = VnD̂n(Zn − �In)V T
n :

This proves the :rst part of the theorem.



T. Sakurai et al. / Journal of Computational and Applied Mathematics 152 (2003) 467–480 475

Eq. (9) immediately leads to the second part of the theorem.
Let us now investigate the inSuence of g in more detail. De:ne

’n(z) :=
n∏
k=1

(z − zk)=: zn + un−1zn−1 + · · ·+ u1z + u0

and let Cn ∈Cn×n be the corresponding companion matrix

Cn :=




0 0 · · · 0 −u0
1 0 · · · 0 −u1
0 1

. . .
...

...

...
. . . . . . 0 −un−2

0 0 · · · 1 −un−1



:

From Theorems 2 and 6 one can easily verify that

H¡n = HnCn and Ĥ¡n (PN ) = Ĥ n(PN )Cn:

The computed approximations ẑ1; : : : ; ẑn of the zeros are given by the eigenvalues of the pencil
Ĥ¡n (f)− �Ĥ n(f). Let

’̂n(z) :=
n∏
k=1

(z − ẑk)

and let Ĉn be the corresponding companion matrix. Then Ĥ¡n (f) = Ĥ n(f)Ĉn.

Theorem 7. If Ĥ n(f) is nonsingular, then the following holds for every �∈R such that 1¡�¡�E

|’̂n(zk)|= O(�2n−K); k = 1; : : : ; n:

Proof. Since Ĉn and Cn are the companion matrices of ’̂n and ’n, respectively,

’̂n(z1)

...

’̂n(zn)


=−V T

n Ĉnen +



zn1
...

znn




and 

’n(z1)

...

’n(zn)


=−V T

n Cnen +



zn1
...

znn


 ;
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where en := [0 · · · 0 1]T. Hence

’̂n(z1)

...

’̂n(zn)


−



’n(z1)

...

’n(zn)


=V T

n (Cn − Ĉn)en

=V T
n Ĥ

−1
n (Ĥ nCn − Ĥ¡n )en:

Since Ĥ¡n (Pn)− Ĥ n(PN )Cn = 0 and ’n(zk) = 0, k = 1; : : : ; n, it follows that

’̂n(z1)

...

’̂n(zn)


= V T

n Ĥ
−1
n (Ĥ n(g)Cn − Ĥ¡n (g))en:

Therefore,

|’̂n(zk)|6 ‖V T
n ‖∞‖Ĥ−1

n ‖∞(‖Ĥ n(g)‖∞‖Cnen‖∞ + ‖Ĥ¡n (g)en‖∞)

for k = 1; : : : ; n. As Ĥ n is nonsingular, the third factor on the right-hand side determines the order
of magnitude. Let us investigate the norm of Ĥ n(g). The following holds:

‖Ĥ n(g)‖∞ = max
06k6n−1

n−1∑
l=0

|�̂k+l(g)|

6
M

1− �−K max
06k6n−1

n−1∑
l=0

�k+l+1−K

6
M

1− �−K
�n − 1
�− 1

�n−K

= O(�2n−K):

The last column of Ĥ¡n (g) can be estimated in a similar way. It follows that

|’̂n(zk)|= O(�2n−K); k = 1; : : : ; n:

This proves the theorem.

Since the vector of the coeLcients of ’̂n − ’n is given by −Ĉnen + Cnen, it follows that

‖’̂n − ’n‖= ‖(Cn − Ĉn)en‖;
where the norm of a polynomial is de:ned as the (vector) norm of its vector of coeLcients. The
following result can be easily proved in as similar way as Theorem 7.
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Theorem 8. If Ĥ n(f) is nonsingular, then the following holds for every �∈R such that 1¡�¡�E

‖’̂n − ’n‖= O(�2n−K):

Corollary 9. K¿ 2n is a necessary condition to obtain a small approximation error.

In the case that some of zeros in T are very close, Ĥ n(PN ) is close to singular. When the zeros
of f in T can be grouped into m clusters, we can improve the condition of Ĥ n(PN ) by considering
a method to :nd m clusters instead of n zeros [10].

4. Numerical experiments

Let us now show the results of some numerical experiments. The algorithm was implemented in
Matlab with double precision arithmetic.

Let zD–L1;K ; : : : ; z
D-L
n;K denote the approximate zeros obtained by the Delves–Lyness method where the

moments are calculated via the K-point trapezoidal rule (at the K th roots of unity). Similarly, let
zK–S-V1;K ; : : : ; zK–S-Vn;K denote the approximate zeros obtained by calculating the eigenvalues of the pencil
Ĥ¡n (f) − �Ĥ n(f). (The superscript K–S–V refers to the authors of [10].) The multiplicities were
calculated by solving the linear system of equations

n∑
k=1

(
(zK–S-Vk;K )p

1− (zK–S-Vk;K )K

)
	k = �̂p(f); p= 0; : : : ; n− 1;

cf. Eq. (8) in Theorem 6.

Example 10. Suppose that

PN (z) = (z − 0:2)3(z − 0:2 + 0:5i)(z − 0:2− 0:5i)(z − 0:9)2

and

g(z) = 1:

Observe that �I = 0:9 and �E =∞. In Table 1 we show the results for various values of K .
In case K = 8, the computed approximations of the zeros zK–S-V1;8 ; : : : ; zK–S-V4;8 are given by

0:20000000000000 + 0:50000000000000i

0:20000000000000− 0:50000000000000i

0:19999999999999 + 0:00000000000000i

0:90000000000000 + 0:00000000000000i
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Table 1
Approximation errors for various values of K in Example 10

K = 8 K = 16 K = 32 K = 64 K = 128

max
06p62n−1

|�̂p − �p| 1:50e + 00 4:55e− 01 7:11e− 02 2:36e− 03 2:78e− 06

max
16j6n

|zD–Lj;K − zj| 3:68e− 01 3:10e− 01 1:53e− 01 4:15e− 02 4:19e− 03

max
16j6n

|zK–S–Vj;K − zj| 5:16e− 15 2:66e− 15 4:61e− 15 6:49e− 15 5:72e− 15

Table 2
Approximation errors for various values of K in Example 11

K = 8 K = 16 K = 32 K = 64 K = 128

max
06p62n−1

|�̂p − �p| 1:27e + 01 4:55e− 01 7:11e− 02 2:36e− 03 2:78e− 06

max
16j6n

|zD–Lj;K − zj| 8:80e− 01 3:13e− 01 1:53e− 01 4:15e− 02 4:19e− 03

max
16j6n

|zK–S–Vj;K − zj| 1:57e + 00 3:63e− 03 5:32e− 08 9:66e− 15 2:11e− 15

and the corresponding approximations of the multiplicities are given by

1:00000000000000− 0:00000000000001i

1:00000000000000 + 0:00000000000001i

2:99999999999999− 0:00000000000000i

2:00000000000001 + 0:00000000000000i:

Since g= 1, only PN plays a role and the computed approximations are very accurate, cf. Theorem
6.

Example 11. Suppose that

PN (z) = (z − 0:2)3(z − 0:2 + 0:5i)(z − 0:2− 0:5i)(z − 0:9)2

and

g(z) = (z − 2)(z − 3)(z − 4)(z − 5)exp(5z3 + 2z4 + z5):

Observe that �I = 0:9 and �E = 2. In Table 2 we show the results for various values of K . In case
K = 16, the computed approximations of the zeros are given by

0:20116264354169 + 0:50032172670692i

0:20116264354169− 0:50032172670692i

0:19637048394944 + 0:00000000000000i

0:89943464186948 + 0:00000000000000i
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and the corresponding computed approximations of the multiplicities are given by

0:99381191467514− 0:00479762188495i

0:99381191467514 + 0:00479762188495i

3:00545283047740− 0:00000000000000i

2:01018978549059 + 0:00000000000000i:

In case K = 64, the computed approximations of the zeros are given by

0:20000000000000 + 0:50000000000000i

0:20000000000000− 0:50000000000000i

0:19999999999999 + 0:00000000000000i

0:89999999999999 + 0:00000000000000i

and the corresponding computed approximations of the multiplicities are given by

0:99999999999999− 0:00000000000001i

0:99999999999999 + 0:00000000000001i

2:99999999999998− 0:00000000000000i

1:99999999999992 + 0:00000000000000i:
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